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1. Statement of the problem. I_& us consider a denumerable 
system of differential equations 

dx 
(s = 1,2, . -*) (1.1) 

Here, t is a real independent variable; x1, x3, . . . are real unknown 
functions of t; ol, 03, . . . are given real functions of the quantities 

t, Xl’ x2, . . . in some region 

(1.2) 

lhe functions fl, f2, . . . , which in the sequel will be called dis- 
turbances, are in general unknown, but they satisfy within the region 

(1.2) the condition 

If,Vl Xl, x2, * * * )I\(P (s = 1, 2, . . . ) (2.3) 

where p > 0 is some quantity determined in each case for the particular 
problem under consideration. 

Ixzt us assume that the right-hand sides of the system of bations 
(1.1) satisfy within the region (1.2) the following conditions: 

1) ‘Ihe functions os and f are single-valued and continuous in t at 
each point of the region (1.i). 

2) For any two points (t, x1’, x2’, . ..) and (t, x1”, x2”, . ..) we 
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have the inequality 

1 ~,(t,z~“,q”, . . . ) - w,(2,x1’,,z2’, . . . )I < AAz (s = 17%. . .) (1.4) 

where A is some constant, and Ax = sup [lzl"- ~~'1, (x~"- ~~'1, . ..I. 
'Ihe disturbances f,, too, satisfy the inequality (1.4). 

It is known IN that under the conditions imposed on the right-hand 
sides of the system of Equations (1.11, this system admits a solution, 

and every equicontinuous solution which passes through a given point 

(t,, Z1' x*, . . . ) of the region (1.2) will be unique. A solution will 

exist, at least, for all those values t> t,>O for which its norm does 

not exceed a number L. 

We will consider the following three regions, which we will call 

"rings": 
t>,o, &l<sup1~%I> I%l,...l\(~ (1.5) 

t>o, KSUP[j%I, ]%l,...l\(~ (l-6) 
t>ot KSUP[j%~, 1%?2,,..‘1j<~ (l-7) 

Besides the system of Equations (1.11, we will consider the system of 

differential equations without disturbances 

dz 
-2 = 0s (t, 21, 222, . . . ) 
dt 

(A-=1,2,...) (1.8) 

Definition 1.1. A solution of the system of Equations (1.8) will be 

said to be stable "in the large" under constantly acting disturbances, 

if for any initial value t = t,, >O there exists a number p = p(.t,) > 0 

such that every solution of the system of Equations (1.11, which passes 

through a point of the region 

SUP11~,J-, 1~2(,...1<~ 

will satisfy the inequality 

for all t > to, and for arbitrary disturbances satisfying (1.3). In the 

opposite case we will say that the solutions of the Equations (1.8) are 

unstable "in the large" under constantly acting disturbances. 

If the solution is stable, and if the number p > 0 can be selected 

independently of t,, > 0, then this solution of the system (1.8) will be 

called uniformly stable "in the large" under constantly acting dis- 

turbances. 

Definition 1.2. We shall say that the solutions of the system of 
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Equations (1.8) have total, strong instability “in the large” under con- 
stantly acting disturbances if for every p > 0 the solution of the Qua- 

tions (1.1) that passes through an arbitrarily chosen point (t,, xl, 
x2, . . . ), and satisfies the condition 

suP[1%/, I%I1,...1=~ 

will satisfy the inequality 

under arbitrary disturbances and for some t > t,,. 

2. Some theorems. We will consider real functions V(t, xl, x2,. . . ) 
of the variables t, xl, x2, . . . . The functions are assumed to be defined, 

and continuous in the ring (1.7). 

Definition 2.1. The function V(t, xl, x2, . ..) is said to be of con- 

stant sign if the inequality 

V (t, zl, x2, . . . ) > 0 ( or V (t, II, ~2. . . . ) < 0) 

is satisfied in the ring (1.7). 

Definition 2.2. A function V(t, x1, x2, . ..) that is of a constant 

sign in the ring (1.7) will be said to be sign-definite if its 

sup [jV(t, xl, x2, . ..>[I. for t>O, on the surface sup [lx,\, 1x21, 

. ..I = Z,is not greater than its inf IjUt, x1, x2, . ..)I] on the surface 

sup [Ix,I, Ix& . ..I = L. 

Definition 2.3. A function V(t, x1, x2, . . . ), that is of constant 

sign, will be said to be totally sign-definite if, in the ring (1.7), the 

inequality 

v (t, XI, h, . . . ) > P ( or - v (t, 51,22, . - - ) > P> 

is valid when p is some constant. 

We will assume that the function V( t, x1, x2, . . . ) satisfies, in the 

region (1.2), the Lipschitz condition 

IV(t+At,s/,z$‘,... )-V(t,q’,rz’,... )I<k(jAtj+As) (2.1) 

where k > 0 is some constant, while AX = sup [lxls’- xl’\, )x2”- x2’/, 

. . . 1. It follows from 121 that the function V(t, x1, x2, . . . ) has, in the 
region (1.2) along any integral curve of the system (l.l), or of the 
system (1.8), a total derivative in t (for almost all values of t). We 



308 S. I. Corshin 

will denote this derivative by dV/dt, or by V’. These will, in turn, re- 
produce the original function, i.e. we have the equations 

where the integrals are taken in the sense of Lebesgue. For the sake of 
definiteness, one may consider the expressions 

(which exist at every point of the integral curve, and are equal for 
almost all values of t) as dV/dt, and V’. 

Theorem 2.1. Let Ut, x1, x2, . . . ) be a function that satisfies the 
condition (2.1) in the ring (1.6). ‘Ihen the inequalities 

dV 
--VT/,’ <kp, dt 

will be valid in (1.6) at almost all points of any integral curve of the 
system of Equations (1.1). 

PFOOf. bt yl, yp, . . . be a solution of the equations without dis- 

turbances, that passes through an arbitrarily chosen point ( t, x1, x2, . . .I 
of the region (1.21, and let zl, t2, . . . be a solution of the Equations 
(1.1) which passes through the same point ( t, xl, x2, . . . ) . ‘Ihen we wi 11 
have 

t+At t+At 

2s = 5s + 
s 

0s (r, 21, 22, * * * ) ch + \ fs (~9 ~1, ~2, . . . ) dr 

t t 

t+At 

ys = 5s -+ 
s 

~CT,Y~, ~2,. . . )dr (s = 1,2, . . . ) 

t 

Setting wS = zS - y, (S = 1, 2, . ..). we obtain 

t+At 

w, = 
s 

[% (r, Zll 221 * * . ) - as (7, yl, ~2, . . . > + fs (T ~1, ~2, . . . )I dr 

t 
(s = 1,2, . . . ) 

from which it follows that 

t+At 

IwIG i 4lwIld~tpA.t (s = 1,2, . . . ) 

t 

and, therefore 
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t+At 

(2.2) 

where we assume that At > 0, and where llul = sup [[uJ~~, )u+l, . ..I. 

bt u be a solution of the equation 

t+At 

u= 
s 

Au dz + pAt 

Then it is obvious that Iwl < u, ‘i.e. 

Suppose that y is an arbitrarily chosen integral curve of the system 

of Equations (1.1). Since dV/dt exists for almost all values of t on 
this integral curve, we may assume that dV/dt exists at a point (t, x1, 

X2' . . . 1. The expressions dV/dt and V+’ may be written in the form 

dv 
- = lim 

V (t + At, zl, 22, . . . ) -V (t, q, x.2, . . . ) 
dt At (2.3) 

At+0 

V,' = lim 
V (t + At, YI, ~2, . . . j--v (t, 2~1rz2%, . . . 1 

At (2.4) 
At+o 

where we mean by the expression At + 0 the set of all those values of 

At + 0 for which the limit V+’ exists. 

On the basis of the condition (2.1) and the inequality (2.2), we will 

have 

Iv (t + At, zl,zz, . . .)-v(t+At,y,,y,,...)I<kl\wn\<I, eAA;-- P 

It follows then from (2.3) and (2.4) that 

In an analogous way one can show that 

dv 
-----’ \Ckp dt I 

Theorem 2.2. If the system of differential equations without dis- 

turbances is such that there exists, in the ring (1.61, a sign-definite 

function V(t, x1, x2, . . .I, satisfying the Lipschitz condition (2.11, 

whose derivative V’(t, xl, x2, . . ..I. in view of these equations,is in 

the ring (1.6) a totally sign-definite function of opposite sign from 

V(t, “1, “2, ..a 1, then the solutions of the system will be stable in 
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the large also under constantly acting disturbances. 

Proof. For the sake of definiteness we will assume that the function 

Vt, Xl’ X2’ . . . ) is positive definite in the ring (1.6). Under this con- 

dition, its derivative V’(t, x1, x2, . ..) will be negative and a totally 

sign-definite function satisfying in the ring (1.6) the condition 

- V’(t, x1, “2, . ..)>P. 

By Theorem 2.1 we then have 

-++V’-kkp>b-kp>$ 

provided the quantity p is chosen so that p < p/2k. ‘Iherefore, we have 

the inequality 

dV 
x<-p 

in the ring (1.6). 

Let us suppose that the system of Equations (1.1) has a solution 

YS = y,(t) (s = 1, 2, . . . ), which on some segment Lt’, t"1 satisfies the 

conditions 

sup [ I Yl (f> I , I Yz (0 I f * * * I = 1, sup [ I Yl (t”) It / Yz V”) I 9 * * * I = L 

and on the interval (t ‘, r”) the condition 

KsuP[IYl(t)I? IYz(W...l<L 

Then we have 

(2.5) 

(2.6) 

Here, 

r~=sup [V(t,zr,~a,...)] when sup[l~~), Jx21,...l=l 

7~ = inf [ c/’ (t, x1, x2, . . . ) ] when sup [Ix1 ( , /x2 I , . . . ] = L 

Since by the hypothesis of the theorem yE< yL, -the inequalities 

(2.5) and (2.6) are contradictory, and, hence, the assumption on the in- 

stability is not valid, i.e. we will have stability, and, as a matter of 

fact, uniform stability, as is easily seen. 

Theorem 2.3. If the system of differential equations without dis- 

turbances is such that there exists a sign-definite function 
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ut, Xl, xp, . ..) which is bounded in the ring (1.71, and which satisfies 

in this ring the condition (2.11, while in the ring (1.5) this function 

is sign-definite, and its derivative V’(t, rl, x2, . . .) is a totally 

sign-definite function in (1.7) with the same sign as V(t, x1, x2, . . . 1, 
then the solutions of the system will have total, strong instability “in 

the large” under constantly acting disturbances. 

Proof. For the sake of definiteness let us assume that the function 

V(t, x1, x2, . . . ) is 

vative V’(t, xl, x2, 
ring. 

positive definite in the ring 

. . .I will be totally positive 

(1.5). lhen its deri- 

definite in the same 

By the hypothesis of the theorem, if we set 

72. = SUP [V (h %I %, . - - ] whent>O, sup[I211, Iz*:a,...]=lo 

then we will have the inequalities 

~~,<~~=inf[V(t,s,,z, ,... )] when >,O, sup[I~~l, lral ,... ]=I 

V’>p when t>o,,20gsup[j~lI, IQI,...]<L 

V<M when t>o, 10B~~prJ~ll, I~~l,...]<r, 

Suppose that 

21 = Yl(a %=?h(~),.*. (2.7) 

is a solution of the system of Equations (1.1) which passes through an 

arbitrary point (t,, zxlo, nzO, . . . ) satisfying the condition 

suPIl%Ol, ~%&...I=2 

Let us suppose that [t,, t,] is a segment such that for all values of 

t satisfying the inequality t0 <t Q tl we have the inequality 

~O=GSUP[M~)I, )Y*(W...l\<~ 

On the basis of the Theorem 2.1, we can see that for the segment 

[t,, tl], along an integral curve of (1.11, the inequality dV/dt>fi/2 
will be valid for almost all t on this segment, provided p <p/2k. 

If t E Et,, t,], then 

i.e. 
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Therefore, for all values t E [t,, t,l, we have the inequality 
sup [(y,(t)/, ]~~(t)l, . ..I > 1,. In the opposite case, there would exist 
a value t > ta such that Vt<V,, which would contradict (2.8). 

On the other hand, for the indicated value t E [t,, , t,] we have the 
inequality 

M >, v z V, + $0 - to) (2.9) 

Since the right-hand side of the inequality (2.9) cannot hold for 
values of t such that 

M - TI, 
s>2-8_+to 

there must exist a value 

t = t” > to ( t”< 2 7+to), 

such that 

This implies that the solutions of the system of Equations (1.8) 
possess total, strong instability “in the large” under constantly acting 
disturbances. 
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